Abstract. We prove perturbation results for traces on normed ideals in semifinite von Neumann algebra factors. This includes the case of Dixmier traces. In particular, we establish existence of spectral shift measures with initial operators being dissipative or bounded, and show that these measures can have singular components in the case of Dixmier traces. We also establish a linearization formula for a Dixmier trace applied to perturbed operator functions, a result that does not typically hold for normal traces.
Introduction
The goal of this paper is to extend important results of perturbation theory for ideals with normal traces to more general operator ideals, including Marcinkiewicz ideals endowed with Dixmier traces, and obtain new results that are distinctive of singular traces. In particular, we establish existence of spectral shift measures, which are not always absolutely continuous. We recall that the spectral shift measures originate from research in physics [21] (see also [31] and [28] ); they have been applied in perturbation theory of Schrödinger operators and in noncommutative geometry in the study of spectral flow [2] . Existence of absolutely continuous spectral shift measures linked to normal traces was established in [3, 7, 19, 20] and of second order spectral shift measures in [13, 18, 24, 27] . Singular traces are important in classical and noncommutative geometry as well as in applications to physics (see, e.g., [6, 8, 22] and references cited therein), and we prove perturbation results for such traces.
Let B(H) denote the algebra of bounded linear operators acting on a separable Hilbert space H, let I = L (1,∞) (B(H)) denote the dual Macaev ideal and Tr ω a Dixmier trace on it (see Section 2 for details). For certain classes of pairs (H 0 , V ), with H 0 an operator in B(H) or an unbounded operator affiliated with B(H) and with (bounded) V ∈ I, we prove the trace formula
whenever f is a sufficiently nice scalar function, for some finite, complex measure µ H 0 ,V on an appropriate subset Ω of the complex plane (see Theorem 3.4, Remarks 3.5 and 3.12, and Theorem 3.13).
By analogy with the case of a normal trace, we call the measure µ H 0 ,V the (first order) spectral shift measure. If H 0 and H 0 + V are closed, densely defined and dissipative (i.e., possibly unbounded with Im H 0 ξ, ξ ≥ 0 and Im (H 0 + V )ξ, ξ ≥ 0 for every ξ in the domain of H 0 ), then Ω can be taken to be R; if H 0 and H 0 + V are contractive, then Ω can be taken to be T, while if H 0 and H 0 + V are bounded self-adjoint, then Ω can be taken to be a bounded subset of R. In these various cases, different classes of functions f are allowed in (1.1). Note that the verbatim analog of (1.1) for general dissipative or contractive operators in case of a normal trace has not appeared in the literature (to the best of the authors' knowledge), but is obtained in this paper, as our techniques and results apply more generally, and in particular to normal traces.
Singularity of the trace Tr ω entails properties of the spectral shift measures that do not hold for normal traces. We demonstrate that the measure µ H 0 ,V can fail to be absolutely continuous (see Proposition 4.2) and, moreover, any measure type is possible (see Theorem 4.4), as distinct from the case of trace class (or noncommutative L 1 ) perturbations and normal trace. We also show that the spectral shift measures linked to the Dixmier trace degenerate to zero when their counterparts linked to the standard trace are defined (see Proposition 4.1).
We prove linearization of the operator function inside the trace
with V ∈ I (see Theorem 3.14), which does not hold in general for a normal trace Tr, for when f is a nonlinear function, the Taylor series expansion for Tr f (H 0 + V ) − f (H 0 ) , with V in the trace class, contains higher order Gâteaux derivatives d n dt n f (H 0 + tV ). Note that although, seeing (1.2), it is tempting to write µ H 0 ,V (dλ) = Tr ω E H 0 (dλ)V , in general, we do not have this equality because µ H 0 ,V is a countably additive measure, while the set function Tr ω E H 0 (·)V can fail to be countably additive (see Example 3.1).
For V ∈ I 1/2 , we prove the second order trace formula
where ν H 0 ,V is a finite measure determined by the operators H 0 and V (see Theorem 5.3). The measure ν H 0 ,V can fail to be absolutely continuous (see Proposition 5.12) and it degenerates to zero when V ∈ I (see Proposition 5.14). Furthermore, we prove (see Theorem 5.10)
for V ∈ I 1/2 , which is an analogue of (1.2). Singularity of the trace requires development of a new approach to the spectral shift measures, which is explained at the beginning of Section 3. We prove existence of the first and second order spectral shift measures implicitly, which is closer in spirit to the proof of existence of the higher order [25, 26] than the proof of existence of the lower order spectral shift measures for normal traces.
In fact, analogous results, by the same proofs, hold in the more general setting of Dixmier traces on Marcinkiewicz ideals of σ-finite, semifinite von Neumann algebra factors (see [17] and [6] ), and our exposition accommodates this generalization. Our hypotheses on the trace are quite general, and accommodate also the classical trace.
The organization of the rest of the paper is as follows. Section 2 contains preliminaries, and is divided into three subsections: 2.1 on general ideals, norms and traces, 2.2 on Dixmier traces and 2.3 on classical dilation theory done for semifinite von Neumann algebras. Section 3 contains proofs of the first order perturbation formulas. Section 4 contains some results and examples on spectral shift measures µ H 0 ,V for singular traces, showing, in particular, that µ H 0 ,V can be singular. Section 5 contains proofs of the second order perturbation formulas.
Preliminaries

2.1.
On ideals, norms and traces. Let B be a σ-finite, semifinite von Neumann algebra factor with fixed normal, faithful, semifinite trace τ . We will consider perturbation formulas for possibly unbounded operators affiliated with B. While B, when represented normally on a Hilbert space H, consists entirely of bounded operators, a densely defined, closed, (possibly) unbounded operator T is affiliated with B if and only if T commutes with all unitary operators in the commutant of B; equivalently, T is affiliated with B if and only if in the polar decomposition T = V |T |, we have V ∈ B and all spectral projections of |T | belong to B; since an unbounded operator affiliated with B can be identified in this way as the product of a partial isometry V ∈ B with an integral |T | = [0,∞) tE |T | (dt) of a B-valued spectral measure, the algebra B of operators affiliated with B is independent of the Hilbert space on which B is represented. In the case of B = B(H), the affiliated operators are, of course, just arbitrary closed, densely defined, possibly unbounded operators on H.
In the case of B = B(H), von Neumann characterized the ideals of B in terms of the set of sequences (s n (A)) ∞ n=1 of singular numbers of elements A of the ideals (see [5] or [16] ). In the case of B a type II ∞ factor with fixed normal, faithful trace τ , the ideals of B (and, more generally, the sub-B, B-bimodules of the space of all τ -measurable operators affiliated to B) are classified in terms of generalized singular numbers, which go back to Murray and von Neumann [23] . For A ∈ B, the generalized singular numbers µ t (A) ≥ 0 are a right-continuous, nonincreasing function of t ∈ (0, ∞). See [15] for more on generalized singular numbers. Let us use the symbol µ(A) to denote the function t → µ t (A). By [17] , an ideal I of B is characterized by its so called characteristic set
and the sets of functions so arising are precisely the dilation invariant, hereditary cones in the set of bounded right-continuous, nonincreasing functions. Definition 2.1. Let B be a σ-finite, semifinite von Neumann algebra factor. An ideal I of B is called a normed ideal if it is equipped with an ideal norm, namely, a norm · I on I satisfying (i) A ∈ B, B ∈ I, 0 ≤ A ≤ B implies A I ≤ B I , (ii) there is a constant K > 0 such that B ≤ K B I for all B ∈ I, (iii) for all A, C ∈ B and all B ∈ I we have
Likewise, I is a quasi-normed ideal if it has an ideal quasi-norm, which is a quasinorm on I satisfying properties (i)-(iii).
Definition 2.2.
A trace on an ideal I of B is a linear functional τ I : I → C such that τ I (AB) = τ I (BA), (A ∈ I, B ∈ B). We say the trace is positive if
If I has an ideal norm · I , we will say that a trace τ I is · I -bounded if there is a constant M > 0 such that
Note that the infimum of such constants M equals τ I I * .
Note that the purely algebraic question of existence of traces on a given ideal I is solved in the discrete case (i.e., B = B(H)) in [11] and in the continuous (i.e., II ∞ -factor) case in [12] . See [29] for results concerning existence of various sorts of traces on symmetrically normed ideals.
Our first order perturbation results will apply whenever we have a normed ideal I and positive trace τ I on it that is bounded with respect to the ideal norm. As we will shortly see, Dixmier traces on Marcinkiewcz ideals provide examples of these.
By the characterizations of ideals in terms of (generalized) singular numbers, for every ideal I of B and every α > 0, we have the ideal
of B and by well known inequalities involving (generalized) singular numbers, we have that I n for n ∈ N is spanned by the n-fold products of elements from I. Note that whenever we have a positive trace on I, we have the usual Cauchy-Schwarz inequality:
For second order perturbation results, we will ask that I 1/2 be a normed ideal equipped with an ideal norm · I 1/2 such that
Below we will give a criterion on Marcinkiewicz ideals that implies the existence of such an ideal norm on I 1/2 .
We conclude these preliminary remarks on ideals, norms and traces, with an easy result that will be used in later proofs involving dilations of contractions and dissipative operators. Proposition 2.3. Let I be a proper, nonzero ideal of a σ-finite, semifinite von Neumann algebra factor B and let H be a separable Hilbert space. Let N be a σ-finite, semifinite von Neumann algebra factor containing B as a corner, so that B is identified with pN p for a projection p ∈ N .
(i) There is an ideal I of N such that I ∩ B = I.
(ii) If · I is an ideal norm on I, then there is an ideal norm · I on I whose restriction to I equals · I . (iii) If τ I is a trace on I, then there is a trace τ I on I whose restriction to I is τ I ; moreover, if τ I is positive, then τ I is positive, while if the hypothesis of (ii) also holds and if τ I is · I -bounded, then τ I is · I -bounded.
Proof. Let I be the ideal of N whose characteristic set is µ(I). Then I ∩ B = I. Since B has a proper, nonzero ideal, it is an infinite von Neumann algebra. Consequently, p is an infinite projection in N . Since N is a σ-finite but infinite factor, there is an isometry v ∈ N whose range is p. Thus x → vxv * is a * -isomorphism from N onto B. Moreover, since for any x ∈ N we have µ(x) = µ(vxv * ), we have v Iv * = I. In case (ii) we set x I = vxv * I while in case (iii) we let τ I (x) = τ I (vxv * ). Now the assertions (ii) and (iii) are easily verified. 
If ω is a dilation invariant state on ℓ ∞ (N), then Tr ω : I → C defined by
for A ≥ 0 is a positive trace on I that is bounded with respect to the ideal norm. Note that Tr ω vanishes on all finite rank operators.
More generally, we will consider Dixmier traces on Marcinkiewicz (also called Lorentz) ideals associated to σ-finite, semifinite von Neumann algebra factors. (See [17] , [6] and references therein, and note that we are concerned only with the Dixmier traces supported at ∞, as described in [6] .) Let ψ be a concave function satisfying
Then the Marcinkiewicz ideal I = I ψ of B and its ideal norm · I are defined by
Remark 2.4. The discrete case, namely Marcinkiewicz ideals of B = B(H), can formally be included in the above formalism that applies in the continuous case. Given a function ψ : N → (0, ∞) satisfying ψ(n) + ψ(n + 2) ≤ 2ψ(n + 1) and lim n→∞ ψ(n) = ∞, by first adding a constant to ψ, if necessary, so that we may defineψ(0) = 0 and still haveψ(0) +ψ(2) ≤ 2ψ(1), we may then extend ψ to a concave functionψ : [0, ∞) → [0, ∞) by piecewise linear interpolations. Now, as the generalized singular numbers of elements of B(H) are constant on intervals [n − 1, n) for n ∈ N and are zero on [0, 1), we find that the definition of the norm in (2.4) is equivalent to
Proposition 2.5. Let I = I ψ be the Marcinkiewicz ideal of B described by (2.4). For p > 0, the ideal I 1/p is equipped with the ideal quasi-norm
which is a norm when p ≥ 1 and a p-quasi-norm when 0 < p < 1. If p > 1, then letting q be such that
we have the Hölder-like inequality
Proof. The fact that (2.5) defines a norm when p ≥ 1 follows from the Minkowski inequality for generalized singular numbers, ( [14] Cor. 4.4(i)), while if 0 < p < 1, then from Thm. 4.7(i) of [15] we have
Therefore, · I 1/p is a p-quasi-norm. Now the conditions (i)-(iii) in Definition 2.1 follow for · I 1/p from well known properties of (generalized) singular numbers. For the Hölder inequality (2.6), by Corollary 4.4(iii) of [14] , we have
so taking the supremum over all t > 0 yields the desired inequality.
We now describe Dixmier traces on Marcinkiewicz ideals. By Theorem 2.2 of [6] (see also [10] and [17] 
then a positive, · I -bounded trace τ I on I can be constructed analogously to (2.3), by, for A ∈ I, A ≥ 0, taking τ I (A) to be a dilation invariant Banach limit on
as t → ∞. A trace constructed in this way is called a Dixmier trace.
Some of our results will apply when τ I vanishes on I α , for certain α > 1.
Proposition 2.6. Consider a Marcinkiewicz ideal I = I ψ and let τ I be a Dixmier trace on it. Suppose that for some 0 < ǫ < 1 there is a constant C such that
Proof. It will suffice to show: if A ∈ I α and A ≥ 0, then τ I (A) = 0. Since A 1/α ∈ I, for t ≥ 1 we have
and we have
Consequently, the function s → µ s (A) is integrable, and we have
Note that, by the usual sorts of estimates, the hypotheses involving (2.8) of the above lemma are satisfied for all ǫ > 0 if we have
Indeed, for any C > 1 and t large enough, we have ψ(2t) ≤ Cψ(t), so for some t 0 and all n ∈ N, ψ(2 n t 0 ) ≤ C n ψ(t 0 ). Since ψ is increasing, we get lim sup t→∞ log(ψ(t)) log t ≤ log C log 2 < ǫ.
for C sufficiently close to 1. Thus, for example, we have Tr ω (I α ) = {0} for all α > 1, whenever Tr ω is a Dixmier trace defined as in (2.3) on I = L (1,∞) ⊆ B(H).
Dilation theory for operators in semifinite von Neumann algebras.
In this section we make some observations about the classical Sz.-Nagy dilation results (see [30] ) for contractions and (possibly unbounded) dissipative operators, that are pertinent when working in semifinite von Neumann algebras. Recall that a unitary dilation of a contraction T ∈ B(H) is a unitary U ∈ B(K) for a Hilbert space K containing H as a closed subspace, such that T n = pU n ↾ H for every n ∈ N, where p is the orthogonal projection from K onto H. Proposition 2.7. Let B be a semifinite (or finite) von Neumann algebra with normal, faithful, semifinite (or finite) trace τ . Let T ∈ B be a contraction. Then there is a semifinite von Neumann algebra N with normal faithful, semifinite trace τ N and a normal inclusion B ֒→ N sending the identity element I B to a projection p ∈ N , and there is a unitary element U ∈ N such that (a) the restriction of τ N to the positive elements of B agrees with τ , (b) pN p = B and the central support of p in N is I N , (c) for all n ∈ N,
Proof. We simply follow the proof contained in the first part of Chapt. I, Sec. 5 of [30] . If B is normally unitally represented on a Hilbert space H, then let
Writing (e ij ) i,j∈Z for the usual system of matrix units in B(ℓ 2 (Z)), we identify B with B ⊗ e 00 and have p = I B ⊗ e 00 . Let
where
are the defect operators. Then U is unitary and the desired properties hold.
For future use, we now prove:
Lemma 2.8. For a semifinite von Neumann algebra B, if T ∈ B is a contraction not having eigenvalue 1 and if U is the unitary dilation of T from Proposition 2.7, then U does not have eigenvalue 1. Proof. Suppose ξ ∈ H ⊗ ℓ 2 (Z) and Uξ = ξ, and let us show ξ must be 0. We write ξ = n∈Z ξ n ⊗ δ n for ξ n ∈ H and δ n ∈ ℓ 2 (Z) the characteristic function of {n}. Using Uξ = ξ and (2.9) we get ξ i = ξ i+1 for all i ∈ Z\{−1, 0}. Since ξ 2 = i∈Z ξ i 2 is finite, we must have ξ i = 0 for i = 0. But then we must have T ξ 0 = ξ 0 , and by hypothesis this implies ξ 0 = 0. So ξ = 0.
Now we turn to self-adjoint dilations of dissipative operators. This is a well understood theory, but we will run through some rudimentary parts of it, in order to do it in the setting of semifinite von Neumann algebras.
A dissipative operator A on a Hilbert space H is a densely defined, possibly unbounded operator on H satisfying Im Aξ, ξ ≥ 0 for all ξ in the domain of A. The basic theory of dissipative operators can be found in Chapt. IV, Sec. 4 of [30] . It includes that every dissipative operator A 0 has a maximal dissipative operator extension A. Henceforth, we will use the term dissipative operator to mean a maximal dissipative operator.
A self-adjoint dilation of a dissipative operator on H is a self-adjoint, densely defined, possibly unbounded operator X on a Hilbert space K that contains H as a closed subspace and such that, for all z ∈ C with Im z < 0, and every k ∈ N, we have
The Cayley transform of a maximal dissipative operator A is the unique contraction T ∈ B(H) (not having eigenvalue 1) such that
(See Chapt. IV, Sec. 4 of [30] .) Standard calculations then show that, for z ∈ C with Im z < 0,
For every k ∈ N, taking the k-th power of (2.11) then yields
is a unitary dilation of T without eigenvalue 1, then taking the self-adjoint (possibly unbounded) operator
and we see that X is a self-adjoint dilation of A. Employing this procedure with the unitary dilation obtained from Proposition 2.7 and using Lemma 2.8 to see that it has no eigenvalue 1, we get:
Proposition 2.9. Let B be a semifinite (or finite) von Neumann algebra with normal, faithful, semifinite (or finite) trace τ . Let A be a dissipative operator affiliated to B.
Then there is a semifinite von Neumann algebra N with normal faithful, semifinite trace τ N and a normal inclusion B ֒→ N sending the identity element I B to a projection p ∈ N whose central support in N is I N , and there is a self-adjoint operator X affiliated to N such that the restriction of τ N to the positive elements of B agrees with τ , pN p = B, and (2.10) holds for all z ∈ C with Im z < 0 and all k ∈ N.
Existence of spectral shift measures
We start by recollecting some main ideas used in the proofs of existence of the (first order) spectral shift measures for the normal trace Tr on B(H) and self-adjoint or unitary operators.
In the original proof of Krein [19, 20] , existence of the absolutely continuous spectral shift measures was first established for finite rank perturbations and then transferred to trace class perturbations by approximations. This approach is not applicable to singular traces.
Another proof of existence of the spectral shift measures was derived in [4] via double operator integration. In case of self-adjoint operators H 0 , V , with V in the trace class, the spectral shift measure is given by the explicit formula [4] ), which is derived as follows:
Change of the order of integration above is justified by boundedness of f ′ , finiteness of the measure Tr E H 0 +tV (·)V , and measurability of the function t → Tr E H 0 +tV (dλ)V . Measurability of t → Tr E H 0 +tV (dλ)V (see, e.g., [1, Lemma 6.2]) relies on the following continuity property of the normal trace (see, e.g., [1, Lemma 2.5]): if {A α } α is a uniformly bounded net of operators in B(H) converging in the strong operator topology to A ∈ B(H), and V is in the trace class, then {Tr(A α V )} α converges to Tr(AV ).
We now show that, in case of a Dixmier trace Tr ω defined on the Marcinkiewicz ideal I = L
(1,∞) of B(H), the finitely additive measure Tr ω E H 0 (·)V can fail to be countably additive.
Example 3.1. If H 0 is an unbounded self-adjoint operator with discrete spectrum (that is, the spectrum of H 0 consists of isolated eigenvalues of finite multiplicities), then E H 0 (∆) is a finite rank projection whenever ∆ is a bounded interval and E H 0 (R) = I. Hence,
For the remainder of this section, we assume the following.
Hypotheses 3.2. Let I be a normed ideal of a σ-finite, semifinite von Neumann algebra factor B, with ideal norm denoted · I , and endowed with a trace τ I : I → C that is positive and · I -bounded.
Note that the Dixmier trace τ I = Tr ω , with B = B(H) and I = L (1,∞) , satisfies Hypotheses 3.2. Also, for a semifinite von Neumann algebra B with normal, faithful, semifinite trace τ , taking I = {A ∈ B : τ (|A|) < ∞} equipped with the norm A I = max{ A , τ (|A|)} and the trace τ I = τ , Hypotheses 3.2 are satisfied. We will prove the trace formula (1.1) (or rather, its generalization changing Tr ω to τ I ) under any of the following assumptions (see also Remark 3.12 and Theorem 3.13).
Hypotheses 3.3.
A set Ω, a closed, densely defined operator H 0 affiliated to B, an operator V ∈ I and a space F of functions are taken to satisfy any of the following assertions.
(
(ii) Ω = R, H 0 and H 0 + V are dissipative, and
and F is the set of all functions that are analytic on discs centered at 0 and of radius strictly larger than 1. Then, there exists a (countably additive, complex) measure µ H 0 ,V on Ω such that for all f ∈ F , the trace formula
holds. Moreover, the total variation of µ H 0 ,V is bounded as follows:
If Hypotheses 3.3(i) are satisfied, then the measure µ H 0 ,V is real and unique. 
(v) H 0 ∈ B, Ω = aT for any a ≥ max( H 0 , H 0 + V ) and F the set of all functions that are analytic on discs centered at 0 and of radius strictly larger than a.
Before proceeding to the proof, let us explain some assertions of the above hypotheses.
(1) The operator function f (H) is determined by the values of a scalar function f on the spectrum of H = H * . Hence in 3.
c (R) that agrees with f on σ(H) and, without weakening the results of the paper, we will prove the formula in this case only for f ∈ C 3 c (R). Further comments on the set F of functions will be made in Remark 3.10.
(2) The condition of both H 0 and H 0 + V being dissipative (or contractive) is imposed to make sure that the path H 0 + tV = (1 − t)H 0 + t(H 0 + V ), t ∈ [0, 1], consists entirely of dissipative operators (or contractions).
The following lemmas are building blocks for the proof of existence of the spectral shift measure and the trace formula (3.1). The first of these is routine. 
we have
Note that when H 0 and H 0 + V are dissipative, then (3.3) holds whenever Im(z) < 0, while if H 0 = H * 0 , V = V * , then z can be taken to be any complex number with Im(z) = 0; (ii) Let H 0 , V ∈ B. Then, for k ∈ N and t 0 ∈ [0, 1],
If H 0 is bounded, then Gâteaux derivatives
f (H 0 + tV ) can be computed for more general scalar functions f . Let W n denote the set of functions f ∈ C n (R) 
and, for every t 0 ∈ [0, 1],
with the Bochner integrals evaluated in the ideal norm · I . (ii) Let H 0 ∈ B, H 0 ≤ 1, V ∈ I, and H 0 + V ≤ 1. Then, for every f analytic on a disc of radius r > 1 centered at 0,
where both series converge in · I .
Proof. (i) By the functional calculus, for H = H * ∈ B(H) and y, y ′ ∈ R, 
is uniformly continuous. Since f ′ ∈ L 1 (R), by the spectral theorem and Fourier inversion,
where the multiple Bochner integral converges in · I . By the same method as above,
Thus, we have
, by the Lebesgue dominated convergence theorem for Bochner integrals,
where the integral converges in
, where the series converge absolutely for z ∈ D, the closed unit disc centered at 0. Thus, the formula for the operator derivative follows from the representation for the difference of operator monomials in Lemma 3.6 (ii) and convergence of the series Then for all f ∈ F ,
Proof. Assume first that Hypotheses 3.3(i) are satisfied. By · I -boundedness of the trace τ I and Lemma 3.7 (both the result and the method of the proof),
Assume now that Hypotheses 3.3(ii) are satisfied. It is enough to prove the lemma for f (λ) = (z − λ) −k , k ∈ N, in which case we have
which by the resolvent identity and · I -boundedness of τ I equals
Application of Lemma 3.6 completes the proof of the lemma assuming 3.3(ii). If Hypotheses 3.3(iii) are satisfied, then the lemma can be proved similarly to Lemma 3.7(ii).
Lemma 3.9. Assume Hypothesis 3.2. Let H be a normal operator affiliated to B and V ∈ I. Then, for any finite Borel partition
If V is not self-adjoint, then we decompose V = Re(V ) + i Im(V ) and apply the just established estimate to Re(V ) and Im(V ). 
Proof. Assume that Hypotheses 3.3(i) are satisfied. Without loss of generality we assume f ∈ C 2 c (R); hence, f ∈ W 2 . By · I -boundedness of the trace τ I , Lemma 3.7(i), and cyclicity of traces
For later use, we note that from the above representation, we immediately have the bound
By the spectral theorem, f ′ (H 0 + tV ) can be approximated by a sequence of finite
in the uniform operator topology. Hence, we have
Finally, Lemma 3.9 ensures the estimate (3.5). Assume Hypotheses 3.3(iii). We will prove the estimate (3.5) for every derivative τ I d dt t=t 0 f (H 0 + tV ) , with t 0 ∈ [0, 1]. The case of H 0 unitary and t 0 = 0 can be handled in a straightforward manner using Lemma 3.7(ii). The case of H 0 and H 0 +V contractions then follows using unitary dilations. Indeed, from Proposition 2.7, we have a unitary dilation U t 0 of H 0 + t 0 V in some σ-finite, semifinite von Neumann algebra factor N with a trace-preserving identification of B with pN p for a projection p ∈ N . Consider the ideal I ⊆ N with ideal norm · I and trace τ I from Proposition 2.3. Then g(H 0 + tV ) = p g(U t )p for every polynomial g. Hence, using Lemma 3.7(ii) twice, we get
where V = pV p ∈ B = pN p. By the estimate (3.5) for a unitary operator,
Now we assume that Hypotheses 3.3(ii) are satisfied. Due to the linearity of τ I and the linearity of the Gâteaux derivative of the operator function, it is enough to prove the lemma for f (λ) = (z − λ) −k , k ∈ N, Im(z) < 0. Let L t 0 be the self-adjoint dilation of the dissipative operator H 0 + t 0 V as constructed in Proposition 2.9, with projection p such that p f ′ (L t 0 )p = f ′ (H 0 + t 0 V ) and pN p = B. Again, let I, · I and τ I be as in Proposition 2.3. By Lemma 3.6(i) and the cyclicity of traces,
As in the above proof in the case that Hypotheses 3.3(i) hold, since f ′ is bounded and L t 0 is self-adjoint and using Lemma 3.9, we conclude that (3.5) holds.
Remark 3.11. Unitary dilations were applied in [26] to derive estimates for standard traces (defined on trace class elements of B(H)) of higher order Gâteaux derivatives of polynomials of contractions.
Our first main theorem is proved below.
Proof of Theorem 3.4. One can see by the argument (based on the representations for operator derivatives from Lemmas 3.6 and 3.7 and the resolvent identity) used in Lemma 3.8 that the function t → d dt
with Lemma 3.8, this implies
Hence, by Theorem 3.10, we have
is well defined on the set of derivatives of the allowable functions in the various cases of Hypotheses 3.3, and we have just seen in (3.6) that it is bounded with respect to the supremum norm in C 0 (Ω). By extending continuously to the closure and employing the Hahn-Banach theorem, if necessary, we get a bounded linear functional on C 0 (Ω) that extends the map (3.7). By the Riesz representation theorem, this map arises as integration against a complex, finite Borel measure µ H 0 ,V , with the bound on total variation as desired. In case of H 0 and V unitary operators, considering multiplicative perturbations allows to extend (3.1) to the functions f which along with f ′ and f ′′ are given by absolutely convergent Fourier series. Theorem 3.13. Let V ∈ I and assume that H 0 ∈ B and H 0 + V are unitary. Let F be the set of all functions f on the unit circle such that f (z) = ∞ k=−∞f (k)z k , for all z ∈ T, and
Then, there is a measure µ H 0 ,V on the unit circle such that the trace formula (3.1) holds for all f ∈ F , and its total variation is bounded by
Proof. One can represent the unitary (H
as e iT , where T = T * and the spectrum of T is contained in (−π, π]. From the inequality 2 π |x| ≤ |e ix − 1|, for x ∈ (−π, π], one has by the spectral theorem that
Hence, T ∈ I and
Consider the path of unitaries t → U t = e iT t H 0 joining H 0 and H 0 + V . Since
where the series converge in · I . Further, by cyclicity of the trace, we get
Hence, by the estimate (3.8),
Note that by Lemma 3.6 (ii),
Therefore,
implying that the function t → f ′ (U t )U t T is uniformly continuous in · I . Hence, the function
is uniformly continuous. One can verify that
Hence, by the fundamental theorem of calculus,
which along with (3.9), the Riesz representation and Hahn-Banach theorems completes the proof.
We now prove the linearization formula (1.2), and also its analogue in a more general context of σ-finite, semifinite von Neumann algebra factors.
Theorem 3.14. Assume Hypotheses 3.2 and 3.3 and assume τ I (I 2 ) = {0}. Then
Proof. If Hypotheses 3.3(i) holds, then without loss of generality, we can assume that f is compactly supported and, hence, f ∈ W 2 . Then, by Lemma 3.7, Duhamel's formula, and the Lebesgue dominated convergence theorem for Bochner integrals,
By assumption, the latter integral equals zero. It was established in the course of the proof of Theorem 3.10 that
Therefore, we have
The proof of (3.10) under Hypotheses 3.3(ii) or (iii) is even simpler. We have that the crucial property
2 immediately follows from Lemma 3.6 (i) and Lemma 3.7 (ii).
Properties of spectral shift measures
The goal of this section is to establish properties of the spectral shift measures that are distinct from those that we have in the case of normal traces.
For the next three propositions, suppose I is a normed ideal with ideal norm · I and a positive, · I -bounded trace τ I . Proof. The result immediately follows from the estimate (3.2) for the total variation of the measure µ H 0 ,V .
In particular, for B = B(H), I = L (1,∞) and τ I = Tr ω , we have that the spectral shift measure µ H 0 ,V vanishes when its counterpart for the standard trace is defined, namely, when V is trace class. 
Proof. Using direct calculation and τ I (I 2 ) = {0}, we get
So by Theorem 3.4,
for any k ∈ N, the denseness of the polynomials in the space of real-valued continuous functions on a compact (µ H 0 ,V is compactly supported because H 0 is bounded) implies the result.
The next proposition gives a sufficient condition for absolute continuity (with respect to the Lebesgue measure) of the spectral shift measures for pairs of contractions. Proof. Since τ I (H 2 0 ) = 0 and τ I (H 0 V ) = 0, we derive from Lemma 3.6 (ii) that for f a polynomial,
Comparison with the trace formula (3.1) gives
For the remainder of this section, we focus on the case when B = B(H), I = L (1,∞) and τ I = Tr ω , and we show that any finite positive measure supported in a compact subset of R is the spectral shift measure for a pair of commuting self-adjoint operators. In the proof, we will use the following easy result. 
where · ∞ is the supremum norm on C([−M, M]).
Proof.
Proof of Theorem 4.4. Without loss of generality suppose σ is a probability measure. Let M > 0 be such that the support of σ lies in [−M, M]. The basic idea is simple: to write H 0 as a direct sum of diagonal blocks whose spectral measures approximate better and better σ, and so that the blocks are small enough that the variation caused by the weight 1 n from V makes only small distortions. In particular, using standard approximation techniques we can find positive integers p(1), p(2), . . . and
and letting
j so that the measures µ i converge as required without requiring (4.1) to hold is a standard discretization argument, and ensuring (4.1) holds can be accomplished by sufficient repetition of the blocks a
For ease of calculation, we will alter the formula for Tr ω by replacing log(n + 1) in the denominator of (2.3) by 1 + Since Tr ω vanishes on I 2 , we have
1 , . . . , a
p (2) , . . .). Since the supports of µ H 0 ,V and σ are bounded, it will suffice to show
for all k ∈ N, and we will actually prove the stronger statement
Let N ∈ N and let l ≥ 1 be such that q(l) < N ≤ q(l + 1). Then
where e = N −q(l) j=1
. We have
for probability measuresμ
Thus,
where ρ N is the convex combination
Also, we have e ≤ p(l + 1)/q(l), so by (4.1), choosing N sufficiently large ensures that e is arbitrarily small, and, thus, e/(s(1) + · · · + s(l) + e) is arbitrarily small. Now let us examine the measuresμ i . Setting q(0) = 0, we havẽ
and by the condition (4.1), the right-hand-side tends to 1 as i → ∞. Since the average of the positive numbers w 
Second order spectral shift measures
The goals of this section are to establish the trace formula (1.3) and a more general version, as well as some properties of the second order spectral shift measure. The first goal will be accomplished in Theorem 5.3, which holds under the hypotheses below. Again, we work with a normed ideal I of a σ-finite, semifinite von Neumann algebra factor B, with ideal norm denoted · I , and endowed with a trace τ I : I → C that is positive and · I -bounded, but we also assume the following. (ii) Ω = T, H 0 ≤ 1, H 0 + V ≤ 1, and F is the set of all functions that are analytic on discs centered at 0 and of radius strictly larger than 1.
Theorem 5.3. Assume Hypotheses 3.2 and 5.1. Let Ω, H 0 , V and F satisfy Hypotheses 5.2. Then, there exists a (countably additive, complex) measure ν H 0 ,V on Ω such that for every f ∈ F , the trace formula
holds. Moreover, the total variation of ν H 0 ,V is bounded as follows:
the self-adjoint (unitary) dilations results from Subsection 2.3 and Proposition 2.3, similarly to how it was done in the proof of Theorem 3.10.
Proof of Theorem 5.3. The result follows upon applying Lemma 5.6, Theorem 5.7, the Riesz representation theorem, and, in case of non-self-adjoint and non-unitary operators, the Hahn-Banach theorem.
By adjusting the proof of Theorem 3.14, we obtain the following generalization of the formula (1.4) for the second order remainder of the Taylor approximation (again, with non-optimal set of functions f ). f (H 0 + tV ) .
Remark 5.11. It was proved in [18] that in case of self-adjoint H 0 , V , with V in the Hilbert-Schmidt class and τ I replaced with the standard trace Tr in (1.3), the second order spectral shift measure can be expressed via the first order spectral shift measure, and is absolutely continuous. The latter proof crucially relied on the fact that a Hilbert-Schmidt operator can be approximated by a sequence of trace class operators in the Hilbert-Schmidt norm. In the case of I = L (1,∞) and a Dixmier trace τ I = Tr ω , we do not have a similar approximation property for the elements of I 1/2 by the elements of I. Moreover, as a consequence of the singularity of the Dixmier trace, ν H 0 ,V can be a singular measure (see Proposition 5.12) and if V ∈ I, then ν H 0 ,V degenerates to zero (see Proposition 5.14). Proof. By Theorem 5.3 and direct calculations,
The rest of the proof goes like the one of Proposition 4.2. Proof. The result is an immediate consequence of the estimate (5.2) for the total variation of the measure ν H 0 ,V .
As in the case of a normal trace, the measure ν H 0 ,V is nonnegative whenever H 0 and V are bounded self-adjoint operators. 
